Abstract-This work has its origin in intuitive physical and statistical considerations. An artificial neural network is treated as a physical system, composed of a conservative vector force field. The derived scalar potential is a measure of the potential energy of the network, a function of the distance between predictions and targets.
I. INTRODUCTION
This paper analyzes the problem of optimizing artificial neural networks (ANNs), ie the problem of finding functions y(x; Γ), dependent on matrixes of input data x and parameters Γ, such that, given a target t make an optimal mapping between x and t.
The starting point of this article is made up of some well-known theoretical elements:
1) The training of an artificial neural network consists in the minimization of some error function between the output of the network y(x; Γ) and the target t. In the best case it identify the global minimum of the error; in general it finds local minima. The total of minimums forms a discrete set of values.
2) The passage from a prior to a posterior or conditional probability, that is the observation or acquisition of additional knowledge about data, implies a collapse of the function that describes the system: the conditional probability calculated with Bayes' theorem leads to distributions of closer and more localized probabilities than prior ones [2] . 3) Starting from the formulation of the mean square error produced by an artificial neural network and considering a set C of targets t k whose distributions are independent
with p(t k |x) the conditional probability of t k given x and p(t k ) the marginal probability of t k , it can be shown that
being t k |x the expected value or conditional average of t k given x, and the equal valid only at the optimum. In practice, any trial function y k (x; Γ) leads to a quadratic deviation with respect to t k greater than that generated by the optimal function, y ′ k = y k (x; Γ ′ ), corresponding to the absolute minimum of the error, since this represents the conditional average of the target, as demonstrated by the known result [2] 
These three points can be directly related to three theoretical elements at the base of wave mechanics [8] :
1) Any physical system described by the Schrõdinger equation and constrained by a scalar potential V (x) leads to a quantization of energy values, which constitute a discrete set of real values. 2) A quantum-mechanical system is formed by the superposition of a series of states described by the Schrõdinger equation, corresponding to as many eigenvalues. The observation of the system causes the collapse of the wave function on one of the states, being only possible to calculate the probability of obtaining the different eigenvalues. 3) When it is not possible to analytically obtain the true wave function Ψ ′ and the true energy E ′ of a quantum-mechanical system, it is possible to use trial functions Ψ, with eigenvalues E, dependent on a set Γ of parameters. In this case we can find an approximation to Ψ ′ and E ′ varying Γ and taking into account the variational theorem
Regarding point 3, we can consider the condition (I.1) as an equivalent of the variational theorem for artificial neural networks.
II. TREATMENT OF THE OPTIMIZATION OF ARTIFICIAL NEURAL NETWORKS AS AN EIGENVALUE PROBLEM
The analogies highlighted in Section I suggest the possibility of dealing with the problem of optimizing artificial neural networks as a physical system. Analysis attempts using models from mathematical physics are not new [9] . The analogies are studied in this work to understand if it is possible to model the ANNs optimization problem with eigenvalue equations, as happens in the physical systems modeled by the Schrõdinger equation. This model allows to define the energy of the network, a concept already used in some types of neural networks, such as the Hopfield networks in which Lyapunov or energy functions can be derived for binary elements networks allowing a complete characterization of their dynamics . We will generalize the concept of energy for any type of ANN.
Suppose we can define a conservative force generated by the set of targets t, represented in the input space x with a vector field, being N the dimensionality of x. In this case we have a scalar function V (x), called potential, which depends exclusively on the position and which is defined as
which implies that the potential of the force at a point is proportional to the potential energy possessed by an object at that point due to the presence of force. The negative sign in the equation (II.1) means that the force is directed towards the target, where the force is maximum and the potential is minimal, so t generates an attractive force that attracts the bodies immersed in the field, represented by the average predictions of the network, with an intensity proportional to a function of the distance between y(x; Γ) and t.
The equation (I.2) highlights how, at the optimum, the output of an artificial neural network is an approximation to the conditional averages or expected values of the targets given the input x. Both x and t are given by the problem, with average values that do not vary over time. We can therefore hypothesize a stationary system and an eigenvalue equation independent of time, having the same structure as the Schrõdinger equation
with Ψ the state function of system (network), V (x) = ζV ′ (x) a scalar potential, E the network energy, ǫ a multiplicative constant and a ζ a variational parameter. ζ seems necessary since the equation (II.2) does not arise from a true physical system, so the relative values between the first and second terms of the first member are unknown. Preliminary calculations show that for some problems the value of V ′ (x) can be very small compared to the first term. We will consider that ζ ∈ Z and is dimensionless.
The equation (II.2) implements a parametric model for the ANNs in which the optimization consists in minimizing, on average, the energy of the network, function of y(x; Γ) and t, modeled by appropriate probability densities and a set of variational parameters Γ. The working hypothesis is that the minimization of energy through a parameter-dependent trial function that makes use of the variational theorem (I.1) leads, using an appropriate potential, to a reduction of the error committed by the network in the prediction of t.
III. THE POTENTIAL V (x)
A function that satisfies all the requirements exposed to be used as potential is the mutual information, I(t, x) [14] , which is a positive quantity. In this case, the minimization of energy through a variational state function that satisfies the equation (II.2) implies the principle of minimum mutual information (MinMI) [4, 6, 7, 15] , equivalent to the principle of maximum entropy (MaxEnt) [3, 10, 11, 13] . The scalar potential depends only on the vector x and for C targets
1) The equation (III.1) assumes a superposition principle, similar to the valid one in the electric 1 When not specified, we will implicitly assume that integrals extend to all space in the interval [−∞ : ∞].
field, in which the total potential is given by the sum of the potentials with respect to each of the C targets of the problem.
Considering that the network provides an approximation to the target t k given by a deterministic function y k (x; Γ) with a noise ε k , t k = y k + ε k , and considering that the error ε k is normally distributed with mean zero, the conditional probability p(t k |x) can be written as [2] 
Note that χ k is the standard deviation of y k (x; Γ) and χ k = χ k (x), so χ k / ∈ Γ. To be able to integrate the differential equation (II.2) we will consider the vector χ constant. We will see at the end of the discussion that it is possible to obtain an expression for χ k dependent on x, which allows us to derive a more precise description of the potential. We also write unconditional probabilities for inputs and targets as Gaussians to simplify the mathematical treatment
Considering the absence of correlation between the N input variables, the probability p(x) is reduced to
with, in this case, The integration of the equation
(III.6) Mutual information in the potential (III.1) is expressed in nats. We will call the units of energy calculated from (II.2) nats of energy or enats.
It is known that a linear combination of Gaussians can approximate an arbitrary function. Using a base of dimension P we can write the following expression for y k (x; Γ)
and w k0 the bias term for the output unit k.
The equations (III.7) e (III.8) propose a model of neural network of type RBF (Radial Basis Function), which contain a single hidden layer and allow to facilitate the calculation given the complexity of the model.
Taking into account the equations (II.1), (III.5) e (III.7) the components of the force, F i , are given by
In physical conservative fields, work, W , is defined as the minus difference between the potential energy of a body subject to the forces of the field and that possessed by the body at a reference point, W = −∆V (x). In some types of central force fields, as in the electrostatic or gravitational cases, the reference point is located at an infinite distance from the source where,
given the dependence of V on 1 r , the potential energy is zero.
Since in the discrete case the mutual information is limited superiorly from the minimum among the marginal entropies, h(x) and h(t), 2 given that the distribution with maximum entropy is the uniform one, U , and that the reference point against which to calculate the potential difference is arbitrary, we can propose the following definition of work
We use h in lower case as discrete entropy to distinguish it from H, which in this work is used as a symbol of the Hamiltonian operator and of the integrals Hmn. The treatment of the text makes considerations on the discrete case since the differential entropy can be negative.
For W > 0, the equation (III.9) explains the work, in enats, carried out by the forces of the field to pass from a neural network that realizes uniformly distributed predictions to a network that realizes an approximation to the density p(t|x).
IV. THE STATE EQUATION
A dimensional analysis of the potential (III. 5) shows that the term α k y 2 k − β k y k + γ k is dimensionless. Thus, the units of the potential are determined by the factor |Σ| −1/2 . To maintain the dimensional coherence in the equation (II.2) we multiplied the first term of the first member by the factor
x cannot be a constant factor independent of the single components of x since in general every x i has its own units and its own variance.
Given the variational parameter ζ in the second term of the first member of the equation (II.2), we can without losing generality multiply the first term by
The Hamiltonian operator
is real, linear and hermitian, and has the same structure as that used in the Schrõdinger equation. Hermiticity stems from the condition that the average value of energy is a real value, E = E * . 5T andV represent the operators related respectively to the kinetic and potential components of the Hamiltonian.
The final state equation is
(IV.1) Wanting to make an analogy with wave mechanics, we can say that the equation (IV.1) describes the motion of particle of mass |Σ| 1/2 subject to the potential (III.5). σ into the value of E, but in the continuation we will leave it explicitly indicated. 5 In this article we only use real functions, so the hermiticity condition is reduced to the symmetry of the H and S matrixes.
variance for each single component x i of the vector x.
We discussed the role of the operatorV : its variation in the space x implies a force that is directed towards the target where V (x) is minimum and F is maximum. The operatorT contains the divergence of a gradient in the space x and represents the flow density of the Ψ gradient, being a measure of the deviation of the state function at a point with respect to the average of the surrounding points. The role of ∇ 2 in the equation (IV.1) is to introduce information about Ψ curvature. In neural networks a similar role is found in the use of the Hessian matrix, calculated in the space of weights, in conventional second order optimization techniques. 6 Starting from the expected energy value obtained from the equation (IV.1)
assuming a base of dimension D for the trial function
with the basis functions developed in a similar way to what we did for y k in the equations (III .7) and (III.8)
and considering the coefficients independent of each other, In this case, as we will later show, the second derivatives are calculated in the space of the weights and not in the space x.
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Although all the functions used in this work are real, we will make their complex conjugates explicit in the equations, as is usual in the wave mechanics formulation.
(IV. The proposed model assumes a change of paradigm with respect to some known methods of optimizing neural networks, such as the gradient descent, which carry out a search in the parameter space, in particular the set of weights w, through the search for a expression for ∂Er ∂w with E r a form of error of the neural network. In this article the variables of the problem, and the search in the relative space, are the input x with w ∈ Γ a set of variational parameters.
Using the equations (III.7) and (III.8) and taking
into account the constancy of χ, the integrals (IV.6) and (IV.7) have the following expressions
The number of variational parameters of the model, n Γ , is
(IV.9) The energies obtained by the determinant (IV.8) allow to obtain a system of equations resulting from the condition of minimum
The system (IV.10) is implicit in χ k , Γ = Γ(χ k ), and must be solved in an iterative way, as χ k depends on y k which in turn is a function of Γ.
V. INTERPRETATION OF THE STATE FUNCTION
The model we have proposed contains two main weaknesses: 1) the normality of the marginal densities p(x) and p(t); 2) the constancy of the vector χ. The following discussion tries to resolve the second point.
Similarly to wave mechanics we can interpret the square module of Ψ as a probability. In this case, the Laplacian operator in equation (IV.1) models a probability flow. Given that we have obtained Ψ from a statistical description of the known targets, we can assume that |Ψ| 2 represents the conditional probability of x given t, subject to the set of parameters Γ
The equation (V.1) is related to the conditional probability p(t|x) through the Bayes theorem
Since we considered the C targets independent, using the expressions (III.2) and (V.1) into (V.2), separating variables and integrating over t k , assuming that at the optimum is satisfied the condition θ k > χ k , we have
which leads to an implicit equation in χ k . For networks with a single output, C = 1, we have
With Ψ, y and χ functions of x. The equation 
VI. RESULTS
The resolution of the system (IV.5) requires considerable computational powers. For this reason the minimum energy was calculated in an approximate way with a genetic algorithm (GA), on an Intel 6-Core i7-8750H MT MCP processor. The equations have been treated symbolically with the Computer Algebra System maxima. 8 The test problem comes from the Statlib repository. 9 It is a synthetic dataset made up of 3848 records, generated by David Coleman, referred to for convenience as POLLEN and which represents geometric and physical characteristics of pollen grain samples. It consists of 5 variables: the first three are the lengths in the directions x (ridge), y (nub) and z (crack), the fourth is the weight and the fifth is the density, the latter being the target of the problem. In our model they represent, respectively, x 1 , x 2 , x 3 , x 4 and t 1 . The 8 http://maxima.sourceforge.net/ 9 http://lib.stat.cmu.edu/datasets/ choice of this problem lies in the fact that the data were generated with Gaussian distributions with low correlations, and is therefore close to the initial assumptions of the model for x and t. Tables I and II show the general statistics of the dataset.
The characteristics of the genetic algorithm have been described in a previous paper [1] . This is a steady-state GA, with a generation gap of one or two, depending on the operator applied. The population has binary coding and implements a fitness sharing mechanism [5] to allow speciation and avoid premature convergence, according to the equations The decoding of the genotype implements the code of Gray to avoid discontinuities in the binary representation. The transformation between the binary representations, b, and Gray, g, for the i-th bit, considering numbers composed of n bits numbered from right to left, with the most significant bit on the left, is given by
with ⊗ the XOR operator.
The GA uses four operators: crossover, mutation, uniform crossover and internal crossover, and performs a search in the space of the computed energies according to the equation (IV.2), but simultaneously realizes a search in the space of the operators through the use of two additional bits in the genotype of each individual of the population. This allows a dynamic choice of the probabilities of each operator at each moment of the calculation, according to the fraction of elements of the population that encode for each of the four possibilities. The initial population is randomly generated.
The procedure for assessing an individual consists of the following steps: Table III. Table IV shows the reference values of the parameters used in the genetic algorithm.
For each element of the population, in addition to the energy value, has been calculated the square error percentage of the neural network [1, 12] E r = 100
with s the number of dataset records and (t max − t min ) 2 = 4 the normalization interval used.
Some of the parameters in the Table IV deserve some observation: • υ = 1 implies the so-called triangular niche sharing;
• R has a considerable influence on the results and was chosen for each of the 10 concurrent processes of each calculation according to the criterion R i = 10(i − 1), i = 1, . . . , 10, with i the process number. This allows to avoid arbitrary choices since R can be dependent on the nature of the problem; The data was divided into two parts, a set of training (2886 records) and a set of testing (962 records). Technically, this subdivision is not nec- Table VIII . Figure VI. 1 shows the evolution of error and energy (in the lower and average versions of the population) of the calculation that generated the lower energy solution, which shows how the minimization of energy leads to a decrease of the error committed by the net in the target prediction. The final error value for training (0.945%) and testing (0.951%) partitions is particularly significant given the low number of basis functions used in the definition of Ψ and y k .
VII. CONCLUSIONS
In this work we have developed a model for artificial neural networks based on an analogy with whose validity needs to be demonstrated in this context, but whose use seems justified since it can be demonstrated by assuming exclusively the normality of Ψ and the hermiticiy ofĤ. Its applicability could help in the calculation of the system (IV.10).
It is necessary to carry out a systematic test campaign to verify the results obtained. These tests are currently underway and will be the subject of a subsequent work. The preliminary results obtained on a set of selected problems coming from the Statlib and UCI 10 repositories confirm the validity of the model.
